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NOTATION:

STATES OF THE ENVIRONMENT:

S:ii)a‘, ) m-}

THE PERMUTATIPN THAT MAPS § Tol'j

IS DENOTED BY <& dy =, in> .
PERMUTATI0NS ARE <OMPoSED FRom
LEFT To RI16HT:

2<3,1,25<3,2,1D = (<3 2,10 =3

THE BAS1IC OPERATIAIANS ARE

Z=0%7,"}%
THETR TINVERSES ARE
b -t =t
Z -y,

- %
worpS WwIN (ZVE™)" ARE REDUCED
IF THEY CONTAIN No ADJACENT
INVERSE LETTERS .

THE FORMAL PROBLEM:

GIVEN A SyS‘rem 0F EQUATIOANS
OF THE foRM (W=4 1N WhIcH
Ljy€esS A W€ (Zug"ft, Finp THE

UNKNowN PERMUTATIONS X Y, INZ .
E XA MPLE: S:fl}tlsli ) I‘:{x/?} =
19 =4 2y'x>3 txy'=2

37xy =1 zyxx=3 3:('7{':2

THE —TwWoe NOTIonNS OF SaLmsan]:
SEmANTIC SOLVﬂ'BIL!T7

S‘] NTACTIC SOL\!ABILJT?




THE ALLOVWABLE SyNTacrxc OPERATIONS

1. LQ=i 1I¢ AN EQUATION FoR PALL (€.

2. 1IF iw'w":j 1S AN ERVATION AND xe&
- i - I’ - 4
THEN iw‘x:"'vl".J AND  iw'x'x W *j ARE
EQUATIONS .
3. IF iw'x’('w”sj oR iw’x"xﬁ':j ARE
EQUATIONS, THEN (WW'sj 15 AN €AVATION.

4. IF iwsj 1s AN EQUATION | THEN

jW 'l 1S AN EQUATION,

s. IF W'z Annjw"t‘. ARE EQUATIONS
THEN iw'w”-k 1S AN EaUaTION.

N OVR EXAMFLE, WE WANT To DEDVCE

THAT 1Y=2  FRom:
) Axy= @tf'x-—s @t’ty—'ﬂ.
) 3yxy s 3] Lyxx =3 @3".'7{"7_
WE START WITH THE INVERSE O0F ()¢
-
3Ix v= 2

-y =1 =1 P
WE REPLACE 3 BY 17 XY FRom ()
- - -1 -1
Ly ' x 'y X Y=z
WE REPLACE | By 11Xy FRom
-1 =1 =1 <4
| K" Y X Y Xy =2

WE REFPEAT THE LAST STEF:

-y =1 =1 -1

XY X X X y°2
WE DENDOTE THE SET oF ALL TNE X171 7 J ’
ORIGINAL AN IMPLIED EQVATIONS WE LET THE WERp etLArs e
By E AND TME Sussgr OF EQvATIoNs ty=2
W1TH AKEDWED WORDPS 8y R.

A £
AN INTERESTING SPECIAL CASE: 'HE NEW  ALGORITHM

m=4 (PERMUTATIONS WITHOUT
INTERNAL STRUCTURE )
GIVEN: B SET O0F “Khowh "™ WoRDS
P -ty
we VL
FIND: ALL THE OTHER WoK]DS WHICH
Becomg KNOWN® Vi@ GRoup
oreRAT 100 § (EspEcIALLY THE Slﬂlmﬁ

THIS 1S NOT THE STANDARD WoRD
PReBLEMm 1IN GRoVPS , SINCE
W=e AD W= Kdowd® ARE DIFFERENT!

EXAMPLES: XVY2=2 =2 ZXy=¢

_vxf‘_y_n-_",l'q-’,w.."u{i- XY = "guoﬂd'
- ”10541117 CLOSVRE™ 1S UNDECIDABLE.

- "KNOWLEDGE CLoSurRg 15 SOLVABLE
14 ALMOST LINEAR TIME.

WE <CoNSTRU<T R DIRECTEP SRAPH
G WHOSE EDGES ARE LARELLED 37
LETTERS FROM S, wE INTERPRET
Avy WS UNDIRESTED PATH W
AS A WORD we(&:uz")“. THE GRAPH
CoNTAINS M SpPgcaAaL VE&TICES)
WHICH <ORRESPOND To THE PosSIBLE
S7TATEs IN S (THE <rArH <AN
CONTARIN hbarrtmm_! Now-SrPeciAc
VERTICES)

Idz-r:m.b‘;, G <CONTAINS THE m
SPECIAL VERTICES AND NOo EDGES. FOR
EACH ERQRUATION CW!j WE RpPO A
NEW FPATH FROM Spe<InL VERTEX (
To SPECIAL VERTER j (vIA NEW
INTEAMEDIATE VERTJCES) I WHAICH
THE LABELS AND DIRECTIONS
CORRESFONY TOo THE LETTERS 2N w.




I OUR EXAMPpPLL:
Axy =4 2y x=3 (xy'z2

ol =
3\’,(7.-.1 t‘]xxzz 3X 7“’2

cf><—L

(_ov

To Skow THRT \Y=Z IS ImPLIED
BY THE GIVEN EQUATIONS WE HAYE

To FIND Some PATH w r-'mm 1 To 2
WHOSE REDUCED FORM 15 Y.

- - .’
THE SHORTEST SUCH PATH 75 Wexyxyy X' y&

THE CRUCIAL OBSERVATIoON:

IF WE REFLACE 14 A GRAPH @

Nt/ M,
VIQ;V‘L ™ /Vl‘vt
87 i-» , OR

vy
\J N Vg N7
v, © Ov, 0 vitvp
"\‘O{l BY lx
o
vy v

™

WE DO NOT <HANGE THE SET of
WoRDPS WH1<H ARE THE REDPUCED
FormMs 6F ALL THE POSSIBLE PRATHS
BETWEEN A PRIR of VERTICES IN &,

THi1s REDUCTIaN frocesS RAS THE
CHURSH= RoSSER FROPERTY, S6 1T
cAN BCc APPLIED 14 ﬁﬂ7 ORDER UNTIL

THE GRAPH & BECOMES A REDUCED
GRAPH @ .

InN OUR EXAMPLE:

THe REDUcep GRAPH G 1Is

DETER MINISTIC AND ALL I75 PATHS
ARE ALREADY REbuczp so To

d REDPVeED
CHECK 1IF LW:J 15 ImFPLIED BY
THE ORIGINAL BQURTIMS, JousT
FoLLoW THE (UNIQUE,JF T71 €x1$Ts
PATH W Fpemé¢ AND CHECK TF IT
REACHS 3.

THEoREmM: A SysTeém OF EQUATIOANS IS
SYATALTICALLY SOLYAB(E IFF ALL TweE
VERTICES 1IN G ARE SPE<IAL AND
6F mAaXImAL OUTDPEGREE .

THEOREM™: A SYSTEm of EQUATIONY IS
co-l'ranblc'reR7 JF THE ALGORITHM EVER
ATTEMPTS To MERGE TWo SPE<IAL VERTICFS,




COMPLEXITy:

SYNTACTIC soLVn31L117 <AN BE
bECIPED (ANp THE ACTUAL SOLUTTOA
FouNd) 1IN O x(m]) TIme AND
o(m™) SPACE WHERE

M= m, + ToTAlL SIE OF EQ\JﬁTior‘S

THE EXPECTED PREMAVIOUR OfF THE
ALSORITHMM FpoR AAADOM EQUATIOANS

How MApNY ERQUATIONS ARE REQUIRED To
MAKE THE SySTem SyNTACTICALLY SOLVABLE 7

ASSUMPTTONS : 1IN CEACH Eaum:odiwxj:

1. W Is A RANDomLY <HOSEN REPUCED
WoRD ©oF LENGTH R over (fuz™),

2. 0 15 A RAMDOmLY <HOSEN ELEMENT N S.

3. § 1§ <omputep FRom (W WITH RESPECT
To SOME FIXED, RaNDomL7 CHOSEN

N SHoULD
PERMUTATIONS X, .. RE opD

§
votAT1oN: |s|=m, |Z[kR, |w[=r
THE NUMBER OF EQUATIoNS 15

THE THRESHOLD YALUe oF { WHICH MAKES
THE SYSTEM SYNTACTZzCALLY SOLVABLE WITH
?RonImy;-} By ¢, .

THeorEm:. to= O(n (zlrt)uﬂ)
THEOREM: t.: _Q_(m, (d—u)ﬂ/l/u)
CONJECTURE: t,-e(h{tﬂ-f)m/n.)

SUPPORTING EVIDENCE:

FoA m=1, koo  VARIABLE LENGTH werM:

n ne_:: CTED i"fttﬂtmmr.
- R W— a
IS 53 306
7 668 374
k4 1394 ge95
t 4420 5232
hg 13, 3Me 13,900
.5 3¢, 9 3%,9%7
¥ 102, 236 103,225

29 235, ¢c> 22, 59

AN OUTLINE OF THE LOWER Bouwmsd
FoR M=1 (THE ‘KnowLeDsE ca.osuac‘):

LET # BE THE NUmBER oF Possigie
REDUCED WORDS OF LENGTH M OVER
Ak ELemenNT ALPHABET £ |

cemma: #= 2h(zh)" % (g het)”
THEOREM: ¢ = Q(\sj# 7:1.)

PROGF: LET \Ji' w‘z oW,

. BE A PRopucT
s

OF SOME OF THE ORIGIAAL WORDS (umf
PoSSTPLE REPETITIOAs') WH1CH REDUCES

To A SINGLE LETTER X .

THE REDKTION <AN BE CARRIE) 0UY
FROM LEFT 7o RIGHT BY USING A
STACK, AND THE LEAGTH of THIS STACK
€A/ BE DESCRIBED 14 B GRAPH:




LENGTH
A

LENGTH

| worp
S08DIVIS 10N

e LOWEST f‘.’;j,{]’

FER WORD

lun

THE WORD
WITH YIGHEST
LOWEST PoIAT

THEOREM: A NECESSARY conpa7iod FIR
sydTACTIC SoLVABItJT7 15 THE
EXISTENCE OF THREE ORIGINAL
wWorDs Wa Wy W, WITH THE

PROFERTY THAT W, IS TovAaLLy
ANNINILATEp BY W, AND Wwe IN

J’i_k\fjl_ ‘N\-‘ .

PROGF: GIVEN t,
WE CAN  CHOOSE W Wy W P S WAYS.

—> TIME - L,J‘,_LW_I_TIW_.I_L“__QZZ; TImE
IPERE % LR
LENGTH
A WoR D
Sudbrvrson THECREM: SUCH A TRIPLET OF WoRDS
Is LIkeLy To ExisT wWhed .= Q(VF7R

RANDOM WOR DS;

T0 Be AANIMILATED, Wy MUsSY BE oF

THE

Foam:
L f N b N |‘

— 1 | B —
L ,,;J._&___J._ ]
N7 N7

ComFPLEMESTAR)Y
onuanenu;

THE PROBABILITY OF THIS I§ ABOUY n/#

AND THUS

OR

A NECESSARY Co4pITI0d 15

Q.E.D.




